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Abstract
While Biot theory can successfully account for the dispersion observed in sand sediments, the attenuation at high frequencies has been observed to increase more rapidly than Biot theory would predict. In an effort to account for this additional loss, perturbation theory is applied to Biot's poroelastic equations to model the loss due to the scattering of energy from heterogeneities in the sediment. A general theory for propagation loss is developed and applied to a medium with a randomly varying frame bulk modulus. The theory predicts that these heterogeneities produce an overall softening of the medium as well as scattering of energy from the mean fast compressional wave into incoherent fast and slow compressional waves. This theory is applied to two poroelastic media: a weakly consolidated sand sediment and a consol- 
I. INTRODUCTION
For sand sediments there has been a long-running debate about the physical mechanisms by which sound is attenuated as it passes through the sediment. This debate has typically centered on two explanations: that the loss is due to viscous flow through the pores formed by the sand grains which compose the sediment or that the loss is due to the interactions between the sand grains at the grain contacts. The first of these mechanisms was applied by Stoll 1 using the theory for fluid-saturated poroelastic solids developed by Biot 2, 3 . This theory predicts that for low frequencies, the attenuation will increase as the square of the frequency while at higher frequencies it will increase as the square root of the frequency.
The theory also suggests that the change in attenuation is accompanied by an increase in sound speed. The grain contact theory was proposed by Hamilton 4 and later revisited by Buckingham 5 . This theory predicts that the attenuation is linear in frequency over all frequencies while the sound speed exhibits little or no dispersion.
A number of experiments have been performed in both laboratory and ocean sediments to test the predictions of these theories. Hamilton collected a number of the measurements and found that, in the aggregate, the attenuation is linear in frequency 4 . This observation has been supported by the relatively recent sediment acoustic experiments in 1999 and 2004 (SAX99 and SAX04 respectively) for high frequencies 6 as well as recent laboratory experiments examining propagation through glass bead sediments 7 . In the laboratory experiments, while Biot theory was unable to capture the frequency dependence of the attenuation, it did predict the overall scaling of the attenuation as the viscosity of the pore fluid was increased.
Also the sound speeds measured during SAX99 and SAX04 both exhibit dispersion that for the mid-to high-frequencies is consistent with the predictions of Biot theory. For low frequencies, there remains some uncertainty as to both the asymptotic value for the sound speed as the frequency goes to zero and the frequency dependence of the attenuation 6 .
Measurements in ocean sediments have shown that for low frequencies the attenuation is proportional to f n , where f is the frequency and n varies from 1.5 to 2.0 8 .
These measurements have led to attempts to create modifications to each theory to capture aspects of the other. Buckingham's grain-to-grain shearing model was recently modified to incorporate a linear loss mechanism at the grain contacts in addition to the original strain-hardening mechanism 9 . This produces a linear frequency dependance for the attenuation at high-frequencies and a dependence similar to Biot theory in the mid-to low-frequencies. Likewise, several researchers have proposed a linear loss mechanism at the grain contacts which would manifest as complex, frequency-dependent frame moduli in Biot theory thus creating a hybrid of the two approaches 7, 10 .
In this paper, we develop an alternative theory which treats the sediment as a poroelastic medium using Biot theory but incorporates losses due to scattering from heterogeneities in the structure of the sand sediment. These heterogeneities can exist in any of the parameters on which Biot theory depends such as the porosity or permeability. For a fast compressional wave propagating through the sediment, energy will be scattered from the coherent wave into incoherent fast compressional waves when the wavelength of the wave is on order of the size of the heterogeneity. For variations on the order of a few grains, these losses will occur at much higher frequencies than has been observed in the experiments discussed above.
However, both the slow compressional wave and the shear wave are considerably slower than the fast wave and consequently have shorter wavelengths. When these wavelengths are on the order of the heterogeneities, mode conversion can occur scattering energy from the fast compressional wave into incoherent slow or shear waves leading to additional attenuation. 
where ω = 2πf , β is the porosity, η is the viscosity of the pore fluid, ρ f is the density of the pore fluid, and κ is permeability. In this paper, we use perturbation theory to develop a poroelastic wave equation which contains the first-order scattering effects that can be applied to heterogenous media above and below the critical frequency. The perturbation technique used was first developed by Karal and Keller to examine scalar, elastic, and electromagnetic propagation through random media 17 .
Evidence for the existence of heterogeneities in sand sediments can be found in recent work in the physics of granular materials. Experiments 18 and simulations 19 have shown that the complexity of a random packing of sand grains or beads leads to the formation of force networks or "chains" where a small subset of the grains will carry a majority of any load applied to the medium as well as the overburden pressure of the grains themselves. HertzMindlin theory relates the forces at the grain contacts to the frame moduli of the medium 20 and one would expect that in applying that theory, these force chains should manifest as small scale heterogeneities in frame moduli. Likewise, recent analysis of simulations of random packings of spheres 21 as well as measurements on sand sediments 22 indicate that the porosity should also exhibit random spatial variations. In this paper, we will only consider variations in the frame bulk modulus to simplify the development of the theoretical framework which will be used to consider variations in the porosity in a subsequent paper.
Note that while there has been some debate over whether or not the Biot slow wave can be observed in a sand sediment [23] [24] [25] , the theory presented here is not predicated on the existence of a propagating Biot slow wave. For small values of the frame moduli, Biot theory predicts that the Biot slow wave should be highly attenuated making it difficult if not impossible to observe 26 . However, it should still be possible to scatter energy into this type of wave, in which case, that energy will be quickly converted into heat.
In Section II, we begin by expressing the heterogenous poroelastic equations in a form to which we can apply perturbation theory, the details of which are developed in Section III.
The general properties of the resulting perturbed wave equation including the limits of applicability and causality are examined in Section IV. In Section V, the perturbation theory is applied to the SAX99 and sintered glass bead sediments and the results are discussed in Section VI.
II. HETEROGENOUS BIOT'S POROELASTIC EQUATIONS
If the frame moduli and the porosity are allowed to vary as functions of position within a poroelastic medium, Biot's poroelastic equations can be expressed as
where µ b is the shear modulus of the sediment frame, u is the displacement field of the frame, w = β (u − u f ) is the relative displacement of the pore fluid to the frame, u f is the displacement field of the pore fluid, ρ g is the sediment particle mass density, and
and
where K g is the bulk modulus of the individual grains, K b is the bulk modulus of the sediment frame, K f is the bulk modulus of the pore fluid, α is the tortuosity, and the parameter F represents the deviation from Poiseuille flow as frequency increases. The expression for F is given and discussed in Ref. 28 .
The two equations can be consolidated into a single, matrix equation as
where
which for the homogenous case, when
The homogenous equation can be solved in terms of potentials to obtain the fast and slow compressional wavenumbers and the shear wavenumber.
In the following, we are going to look at heterogeneities due to the frame bulk modulus only. For this case, the frame shear modulus and the porosity are constant and the poroelastic equation becomes
III. PERTURBATION THEORY
In this paper we consider a poroelastic medium in which the frame bulk modulus varies randomly with position,
where . To account for the random variations, we will expand this matrix as a Taylor series about the mean value,
This expansion can now be substituted into the poroelastic equation given by Eq. (16) . If the heterogenous poroelastic equation is rewritten as
substitution of the expanded expressions yields,
where L 0 · U = 0 is the homogenous poroelastic equation given by Eq. (15). We will also expand the displacement, U, as
where U is the mean coherent field and U s is the incoherent, scattered field for which
where we have neglected all terms higher than second order.
Our goal is to obtain a solution for the coherent field, U . Since L 1 = 0, the mean of
Subtracting Eq. (24) from Eq. (23) and neglecting all terms higher than first order, we find the equation for U s in terms of U ,
This equation can be solved using the poroelastic Green's tensor, which is a solution to (see
to yield the solution for U s ,
Substituting this expression back into Eq. (24), we find the final equation for a poroelastic wave propagating through a heterogenous medium, 
The last term in Eq. (28) can be determined by substituting U = U in Eq. (30) and taking the mean of the result. Since δK b = 0, this yields,
b is the variance of the perturbation in the frame bulk modulus.
Consider the integral factor in Eq. (28) involving the Green's tensor. This factor can be viewed as the field due to a source L 1 · U. Eq. (29) shows that this source is the gradient of a scalar field, from which Eq. (A15) leads to
where ∇ denotes differentiation with respect to r and the g n (R) are defined in Appendix A.
Note that as a consequence of the source being the gradient of a scalar field, there is no mode scattering into shear waves. Operating on this expression with L 1 and taking the mean will yield the second term in Eq. (28),
where we have used,
In Eq. (33), the mean is taken only over the product of the frame modulus variations and the resulting expression is the covariance of the modulus variations, C bb (r, r ) = δK b (r) δK b (r ) . If we assume that the variations in the modulus are statistically homogenous (spatially stationary) and isotropic, then the covariance should depend only on the distance R = |r − r | and C bb (r, r ) = C bb (R).
In order to solve the perturbation equation, we will assume a plane solution given by
With this expression for the mean field and using Eqs. (15), (31), and (33), Eq. (16) becomes
where we have substituted R = r − r and integrated with respect to R. Evaluating the integral of the delta function and using the relation given in Eq. (A16), we can rearrange the terms to express the wave equation in the much simpler form,
where the effects of the bulk frame modulus variations on the wave propagation have been folded into the effective Biot coefficient matrix,
When the variance of the modulus variations goes to zero, the effective matrix reduces to
as one would expect. The second term which contains the integration over the covariance will lead to dispersion and an increase in attenuation as a function of frequency as will be seen in the examples shown in Section V. The last term in this expression does not depend on the form of the covariance nor does it have any frequency dependence. This term represents the softening of the medium due to the variations in the frame modulus which is discussed in more detail in the next section and in Appendix B.
The result in Eq. (37) has three solutions: a shear wave, a slow compressional wave, and a fast compressional wave. For the shear wave, the displacement of the wave is perpendicular to the wave vector, k, and k (k · A) = 0. The random variations in the bulk frame modulus have no effect on the shear wave and the resulting expression,
is identical to the result for the shear wave in a homogenous medium. For the compressional waves, the displacement is parallel to the wave vector and Eq. (37) reduces to
which has two solutions since it is a 2 × 2 matrix equation (Note that the equation for the shear wave has only a single solution since only the first element in [μ 0 ] is non-zero). For the remainder of this paper, we will focus on the fast compressional wave solution, k 1 .
The integral in [K eff ] given by Eq. (39) can be partially solved by separating it into its radial and surface components,
The integration with respect to dS can be performed yielding,
Substituting this result back into Eq. (42) and substituting the expression in Eq. (A7) for the scalar green's function, g n (R), the final integral becomes,
The fast compressional wave propagating through a poroelastic medium with a randomly varying bulk frame modulus can now be determined from Eq. (41) where [K eff ] is given by Eq. (38) and I n is given by Eq. (44).
In the low frequency limit, when ω satisfies Eq. (1), the effective wavenumber determined from Eq. (41) has a much simpler form. In this limit, ρ * → iη/κω, and the unperturbed compressional wavenumbers become
where we consider only scattering from fast into slow waves and assume that the compressional wavenumbers satisfy
then the effective fast compressional wavenumber reduces to
This result is equivalent to the effective wavenumber in Eqs. 
IV. GENERAL PROPERTIES OF COMPRESSIONAL SOUND SPEED AND ATTENUATION
We will explore the behavior of the perturbed fast compressional wave for two types of media: the SAX99 sand sediment and a water-saturated sintered glass bead pack. The their respective values when σ bb = 0. These results were calculated for f = 1 kHz using the SAX99 sediment parameters in Table I while SAX99 sediment is a well-characterized sand sediment which, like most sand sediments, has a small frame bulk modulus. The values for the SAX99 sediment given in Table I were taken   from Table I of Ref. 6 . The sintered bead pack was chosen since it has a much larger frame bulk modulus and has been studied extensively as a poroelastic medium 26, 29, 30 . A majority of the material parameters for the sintered glass bead pack were taken from Sample 2 in Table III of Ref. 30 while the fluid parameters were chosen to correspond to the water parameters measured during SAX99. These two media allow us to understand the effects of scattering from heterogeneities for both a weak and a strong frame.
A. Softening of the poroelastic medium
In order to understand the behavior of the fast compressional wave in a heterogenous medium, we begin by considering the solution to the perturbed wave equation for a poroelastic medium where the bulk frame modulus variations are related by the exponential correlation function,
where L is the characteristic length scale of the bulk modulus variations. The threedimensional Fourier transform of this correlation function yields the commonly encountered power spectrum,
The integral given in Eq. (44) can be solved analytically for the exponential correlation function to yield,
In the following section, we will explore this result in detail, but here we will consider the limiting case as L → 0. This corresponds to a poroelastic medium in which the frame modulus is completely random between any two points in the medium. In this case, I n = 0 
As shown in Appendix B, this expression for [K eff ] is the effective response of a poroelastic medium with a heterogenous frame modulus under static compression. The elastic response of the medium is dominated by the weaker elements of the frame and consequently the heterogenous frame is softer than the homogenous medium.
This softening has two important consequences. First it produces a decrease in the sound speed that is proportional to the variance as seen in Figure 1 (a). The sound speed has been calculated using the SAX99 sediment parameters given in Table I for the solid line.
The bulk frame modulus was increased by an order of magnitude for the short-dashed line and two orders of magnitude for the long-dashed line. This softening of the medium also leads to an increase in the attenuation as the variance increases. The attenuation which corresponds to the sound speed plotted in Figure 1 (a) is shown in Figure 1(b) .
This dependence on the variance for both the sound speed and attenuation may have an important influence on the choice of frame modulus used in Biot calculations. For a static measurement of the elastic response of a sediment, if the frame modulus is heterogenous, the value determined for the bulk frame modulus will not be the mean frame modulus but instead a smaller value. Likewise for a measurement of the sound speed, the frame modulus determined from a best fit of the data would again underestimate the mean value for the frame modulus. If K b0 is the mean bulk modulus for a homogenous sediment, it is possible to find values for σ 2 bb and K b that satisfy,
where the effective Biot coefficients as a function of σ 
This result is plotted in Figure 2 for both the SAX99 and sintered glass bead sediments. For the SAX99 sediment, as the bulk modulus is increased, the normalized variance comes very close to unity and then decreases while for the sintered glass beads, the normalized variances increases to almost 1.2 before decreasing to zero. The variance becomes zero when
where D is given in Eq. (7). At this point H, C, and M diverge and both the perturbed and unperturbed wavenumbers equal zero. 
B. Limits of applicability
These large values for the variance also bring into question the validity of the assumptions behind the derivation in Section III, specifically whether it is sufficient to account for only the second-order scattering contributions to the mean propagating field. As the variance increases, it may be necessary to incorporate the effects of fourth order contributions. This can be done formally by retaining the fourth order terms in Eq. (23) and following the same procedure used in Eq. (24)- (28) . While it may be possible to solve the resulting expression, the contributions of these higher order terms can be estimated in a more straightforward way to yield a necessary condition which must be met for the second order theory to be for the heterogenous medium. The mean Green's tensor can be found by considering the inhomogenous poroelastic equation with a spatially varying frame modulus,
We showed in Section III that the homogenous wave equation for the mean field can be 
The mean Green's tensor therefore has the same form as the unperturbed Green's tensor given by Eq. (A3) with [G 1 ] and [G 2 ] replaced by
and 
which can be substituted into the compressional wave equation to get the new effective wavenumber,k
1 .
The condition which must be met is that the contribution of this higher correction to the wavenumber be small compared to the second order correction to the wavenumber, which can be expressed as
This constraint is a necessary condition which must be met in order for the second-order approximation to apply to heterogenous poroelastic medium.
C. Causality
For the low-frequency limits of the mean compressional wavenumber, given by Eqs. (47)-(50), Müller and Gurevitch showed that this result satisfied a twice-subtracted dispersion relation and hence was causal 16 . For the general wavenumber result, which is applicable at all frequencies, we cannot show analytically that the complex wavenumber satisfies a dispersion relation. It is possible however to numerically integrate a twice-subtracted dispersion relation for the real and imaginary parts of the mean wavenumber on a case by case basis. If we define an index of refraction, n (ω) = c 0k1 /ω, where c 0 is an arbitrarily chosen real sound speed, then the twice subtracted dispersion relation that must be evaluated becomes
where n = n R + in I . The indices n 1 = n (ω 1 ) and n 2 = n (ω 2 ) are evaluated at the arbitrary frequencies ω 1 and ω 2 . Choosing c 0 = ω 1 /k 1 (ω 1 ), this equation can be numerically evaluated.
For the examples given in the next section, the dispersion relation given above was found to be satisfied to within the numerical errors of the calculation. This does not prove that the perturbed wavenumber is causal in all cases, but rather provides a strong indication that the theory is causal.
V. SOUND SPEED AND ATTENUATION FOR SPECIFIC CORRELATION FUNCTIONS
In order to model a heterogeneous medium using the theory developed in Section III, the correlation function for the bulk modulus variations must be known or determined from a fit to existing data. In this section we consider two examples of correlation functions frequently used in acoustics and geophysics.
The first of the correlation functions to be considered is the exponential correlation function which was introduced in the previous section. Using the solution of the integral for the exponential correlation given in Eq. (53), the effective Biot coefficient matrix becomes,
Note that the wavenumber that we seek to determine, k, appears in the denominator of the chosen, the sound speed and the attenuation are only weakly affected by the scattering from fast into slow compressional waves while the fast to fast wave scattering occurs at much higher frequencies. The magnitude of the scattering contribution to the attenuation can be seen in Fig. 3(b) where the set of curves in the lower right-hand corner of the figure were determined by subtracting the unperturbed attenuation from the perturbed result. Energy begins to scatter from the mean fast compressional wave into the slow wave when k 2 L ≈ 1 and then the attenuation due to this mode conversion levels off at k 2 L ≈ 10.
As noted in Fig. 2 , it is possible to choose larger values for K b and σ For these values, the relation in Eq. (62) is easily satisfied, and the second-order perturbation theory is adequate to describe the mean field. In this case, since the unperturbed frame modulus is so much larger than for the SAX99 sediment, the fast and slow compressional wavenumbers are comparable in magnitude and the scattering from fast compressional waves into fast compressional waves occurs at only slightly higher frequencies than the fast wave to slow wave mode conversion. While the slow wave scattering contribution to the scattering levels out at k 2 L ≈ 10, the fast wave scattering attenuation contribution causes the attenuation to continue increasing at a rate proportional to ω 2 . In the region where the attenuation contributions from the two scattering mechanisms are comparable, the attenuation increases at a rate roughly proportional to ω. This is emphasized in Fig. 4 (c) and 4(d) where the variance is held fixed and the correlation length is varied from L = 0.8 mm to L = 16.6 mm.
Note that due to causality, this change in attenuation is also accompanied by a change in sound speed. As the slow wave scattering contribution levels out, so, too, does the sound speed. As the contribution to attenuation due to the scattering of fast waves increases, the sound speed begins to diverge as can be seen in the long-short dashed in Fig. 4(c) for
The second correlation function to examine is the von Kármán function,
where K ν is the modified Bessel function of the third kind, Γ denotes the gamma function, and ν is the Hurst coefficient which is assumed to be 0 < ν ≤ 1. The three-dimensional
Fourier transform of this correlation function yields the power spectrum,
When ν = 1/2, the von Kármán function reduces to the exponential correlation function discussed above. Fig. 3 for any value of ν. Therefore, we will focus on the sintered glass bead pack to examine how varying ν affects the propagating wave. Fig. 5 shows how the sound speed and attenuation are affected as ν is varied from 0.1 to 0.9. The curve for ν = 0.5, the exponential function, is also plotted for comparison with the previous examples. Increasing ν above 0.5 has a minor effect on the attenuation, increasing the scattering contribution only slightly, while causing the associated dispersion to occur over a narrower band of frequencies. The opposite occurs as ν is decreased below 0.5. In this case, the scattering contribution to the attenuation decreases significantly as does the slope of the attenuation. The dispersion is also less pronounced as the sound speed changes over a much wider frequency band.
VI. DISCUSSION
In the introduction, we noted that for random packings of granular materials, such as sand grains, many simulations and experiments have observed the formation of force chains in the material. Along these force chains, a subset of the grains in the material carry a majority of the overburden pressure in the material. The close relationship between the contact forces between the grains and the frame moduli suggested that the frame moduli should also exhibit a random structure which could lead to scattering losses for waves propagating through the material.
However, for the Biot parameters measured for the SAX99 sediment, the effective frame modulus is very weak which is typical of sand sediments. In fact, a good approximation to the sound speed and attenuation (neglecting the anomalous high frequency behavior of the attenuation) can be found if the frame moduli are set to zero as in the Effective Fluid Density Model (EDFM) 28 . It is not surprising, therefore, that assuming a heterogenous frame modulus for this sediment should not produce significant contributions to the dispersion or the attenuation due to mode conversion between the fast and slow compressional waves.
For both the SAX99 and SAX04 measurements, as well as the laboratory measurements, the attenuation followed a linear frequency dependence and was larger at high frequencies than predicted by Biot theory. The additional attenuation due to the heterogenous frame modulus is therefore insufficient to account for this measured increase in attenuation.
These scattering contributions do, however, become significant for consolidated media, such as the sintered glass bead example, where the frame modulus is much larger. For the sintered glass beads, the frame modulus determined from experiments was found to be only an order of magnitude smaller than modulus of grains. For the SAX99 sediment, the frame bulk modulus was assumed to be at least three orders of magnitude smaller. For a poroelastic medium such as the glass beads, where the contacts have been fused together to form a fully consolidated structure, the force chains found in unconsolidated media are likely not present since the forces at the grain contacts have been allowed to relax during the melting process. The only source of heterogeneity in the frame modulus would have to be the structure of the porous frame itself and the local strength of this kind of porous frame is currently not well understood.
An intermediate case between these two extremes, where both force chains and a strong frame modulus may be present, could occur for a sediment under pressure. This could be the case for sand sediments tens of meters below the sediment/water interface. The overburden could produce significant contact forces between the grains leading to a large mean bulk modulus while the random packing of the grains would lead to heterogeneities in the frame modulus.
To determine if scattering from heterogeneities in the sediment might lead to the high frequency attenuation observed in the SAX99 and in the laboratory, it remains to apply the perturbed wave equation given in Eq. (28) to other heterogeneities in the Biot parameters listed in Table I . Of particular interest should be those parameters for which the predictions of Biot theory are more sensitive and for which significant heterogeneities may be expected to occur. It is unlikely that the fluid parameters should vary significantly and, while the grains may exhibit some variation in their modulus and density, sorting due to wave action may lead to a suppression in the variation between the grains themselves. This suggests that those parameters which relate directly to the pore structure itself, specifically the permeability, tortuosity, and the porosity, may exhibit spatial variations which could lead to significant scattering. Work is currently underway to examine the predictions of the general perturbation theory given in Eq. (28) when the porosity of the sediment is heterogenous 32 .
VII. CONCLUSIONS
In an effort to understand the role of heterogeneities in the propagation of high-frequency sound through an ocean sediment, we have applied perturbation theory to Biot's poroelastic equations. The resulting wave equation, while capable of modeling heterogeneities in any of the Biot parameters, was applied to the case of a randomly varying frame bulk modulus. The presence of the heterogeneities in the bulk modulus affects both fast and slow compressional wave propagation, but does not affect the propagation of shear waves. At low frequencies, the resulting mean wavenumber for the fast compressional wave reduces to the result presented previously by Müller and Gurevich for seismic propagation 16 .
The effects of the frame modulus heterogeneities can be incorporated into a set of effective Biot coefficients each of which consists of the mean coefficient, a frequency-independent term that is a function of the frame modulus variance, and a frequency-dependent term that is a function of the frame modulus covariance within the medium. The frequencyindependent term accounts for the softening of the medium due to the variations in the frame modulus, while the frequency-dependent accounts for scattering from the heterogeneities. For a propagating fast wave, when k 2 L ≈ 1, mode conversion between the fast and slow waves scatters energy from the mean field increasing the attenuation of the mean field. At higher frequencies, energy is also lost due to scattering from the coherent fast wave into incoherent fast waves. While the attenuation due to mode conversion levels off near k 2 L ≈ 10, the attenuation due to fast wave scattering goes as ω 2 .
The perturbation theory accounts for scattering up to second order in the modulus variations and was shown to be applicable to small variations in the bulk modulus. For weakly consolidated granular media, such as sand sediments, the mean frame modulus is typically much smaller than the grain or fluid modulus and the role of the variations in the frame modulus were shown to only weakly affect the sound propagation. For consolidated media, such as the sintered glass bead pack discussed here, weak variations in the frame modulus were shown to have a significant effect on sound propagation. Future work will explore the role of heterogeneities in parameters such as the porosity, which may have a more significant affect on propagation through weakly consolidated poroelastic media.
APPENDIX A: BIOT GREEN'S TENSOR
In order to apply perturbation theory to solve (16) with varying frame bulk and shear moduli, we need to know the Green's function which can be used to solve the inhomogenous poroelastic equation,
The inhomogenous equation with a point source,
where [I] is the 2 × 2 identity matrix, I is the identity tensor, and R = |r − r |, has the Green's tensor solution
where n = 1 and 2 is associated with the fast and slow wave, respectively, s is associated with the shear wave,
[
where m = 1, 2, or s,
Note that the notation for the operators in (A3) differs from the notation of Morse and Feshbach who write them as ∇g n (R) ∇ and ∇ × g n (R) × ∇ . Morse and Feshbach illustrate the meaning of ∇∇ g n (R) by operating with ∇∇ g n (R) on some vector f (r ) which yields,
The other operator can be understood by writing it as
Also note that
whereR is the unit vector in the direction of R.
If the source term in (A1) can be separated into longitudinal and tangential components,
the resulting field can be determined using the Green's tensor as
Two relations that are used to simplify the perturbation solution are
APPENDIX B: MEDIUM SOFTENING DUE TO MODULUS VARIATIONS
To understand the origins of the frequency independent term in the effective Biot coefficient matrix, Eq. (38), we consider the mean response of a poroelastic medium under static compression. For the heterogenous poroelastic medium we are considering, we will take the harmonic mean of the Biot coefficient matrix to determine the effective response of the medium,
To see that this is equivalent to the self-consistent method for estimating the elastic constants in inhomogenous material discussed by Berryman 33 , consider what happens if we replace the fluid in the poroelastic medium with a vacuum. In this case, the Biot coefficients reduce to C = M = 0 and H (r) = K b (r) + 4µ b /3, ρ f = 0, and the Biot equations reduce to the equations for an elastic medium. The harmonic mean of H (r) becomes
which is equivalent to Eq. (45) in reference [33] .
With variations in the frame bulk modulus in the form of
where we have retained only those terms up to second order in δK b .
The partial derivatives of the inverse Biot coefficient matrix in Eq. (B3) can be related to the partial derivatives of the Biot Coefficient matrix by
Substituting Eq. (B4) and (B5) into Eq. (B3) and taking the mean of the expansion gives
To finally arrive at an expression for [K eff ], we need to determine the inverse of Eq.
(B6). To do this we will expand the inverse of the right side of Eq. (B6) as a function of the variance about σ 2 bb = 0. Upon doing this and using the relationship between the derivative of a matrix and the derivative of its inverse illustrated in Eq. (B4), we arrive at the final approximation for the effective Biot coefficients,
This expression is identical to the frequency independent term in Eq. (38) determined from perturbation theory. Table I of Ref. 6 for the best fit to the sound speed and attenuation measured during SAX99. Note that for the frame moduli, the imaginary parts have been removed and the moduli are assumed to be purely real. The values in the column of parameters labeled "Sintered Glass Beads"
were determined from the parameters listed for the sintered glass bead sample B in Table   III These results were calculated for f = 1 kHz using the SAX99 sediment parameters in Table I while the value of the mean bulk modulus was increased 
